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We present an estimate of the electron to muon conversion cross section in fixed-target 
elastic electron scattering. The matrix element (Ai|j^m(0)k) is calculated analytically in 
two scenarios introducing suitable approximations. We consider on the one hand side 
the case of three light Dirac neutrinos with CKM-type leptonic mixing and on the other 
hand a typical see-saw scenario. We evaluate the coulombic contribution to the scattering 
cross section in the limit of vanishing energy transfer to the nucleus and, thus, obtain a 
realistic estimate for the total conversion cross section. Although we find that in the see- 
saw scenario the cross section can be enhanced by as much as twenty orders of magnitude 
in comparison to the Dirac case, it is still not experimentally accessible. 
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1 Introduction 



In recent years the physics of neutrino oscillations and lepton flavour violation (LFV) 
has been a very active fleld of fundamental research. Neutrino oscillations could be 
demonstrated in several experiments, see e.g. Refs. [IJj, and massive neutrinos have become 
part of the Standard Model of particle physics (SM). 

As neutrinos have very small masses, neutrino mass eigenstates cannot be identifled 
by direct measurements of their four- momenta. Thus, in a typical oscillation experiment, 
neutrino flavour is identifled indirectly through the mass of the charged lepton associated 
with charged-current production or detection of the neutrino. A distinction is made 
between disappearance and appearance experiments depending on whether the number of 
neutrinos of predeflned flavour is expected to decrease or increase between production and 
detection, respectively. Other experiments look for flavour transitions of charged leptons 
either in decays, like fi 67, or in boundstates of a nucleus and a captured muon, usually 
referred to as fi-e conversion. Considerable theoretical and experimental effort has been 
dedicated to fi-e conversion, see e.g. Refs. [ElO], but conversion experiments, so far, have 
not been able to test or complement the results on LFV found in neutrino oscillation 
experiments. 

In this paper we are instead concerned with the question whether LFV could be ob- 
served directly in flxed-target elastic electron scattering, i.e. in the process e -|- N — > /i -|- N, 
at energies low compared to the mass of the VF-boson or a heavy nucleus. Clearly, the 
reduced timescale of the interaction makes it less likely to observe LFV in a scattering 
process than in a classical conversion experiment. The great advantages of a scattering 
experiment, on the other hand, lie in the simplicity of the experimental setup and the the- 
oretical description, which relies on no nuclear properties other than electric charge and 
allows us to get by without addressing the demanding problems of the QED muon-nucleus 
boundstate. 

The following section will be concerned with the calculation of the matrix element 
(/^|jeni(0) k)- We give compact results for the electric and magnetic form factors, flrst in the 
limit of small neutrino masses and external momenta, then for heavy Majorana neutrinos. 
LFV is parameterised in the context of the SM by including a leptonic CKM-type matrix, 
customarily called the MNS [|3] matrix. Majorana neutrinos are introduced through the 
standard see-saw mechanism, leading to one light, almost purely left-handed and one (or 
more) heavy, mostly right-handed self-conjugate neutrino per SM generation. In sectional 
we derive the cross section for electron to muon conversion through coulombic interaction 
with a heavy nucleus at (laboratory frame) electron energies ~ 2m^. Section|3]contains 
a discussion of our results as well as our conclusions. 

2 The Amplitude e — > fij* 

We introduce the notation k^, k^, q for the incoming electron and outgoing muon and 
photon momenta. Owing to Lorentz symmetry and current conservation that for an 
on-shell electron and muon, the matrix element can be written as 
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Figure 1: Generic lowest-order diagrams contributing to e ^ /i7*. Note that contributions 
where one or both of the VT-bosons are replaced by their would-be Goldstone counterparts 
need also be considered. 




M^, = u{k,)h''-q'^^^W^]<ke), (2.2) 



with 



Mi^ = ^(4)(^7'^ + g'^^^^^±^j7MM, (2.3) 
M^s = u{K){r- \ " (2.4) 
Ml = u{K){l'+ ' hVfce)- (2.5) 

The formfactors Fi can be calculated perturbatively and are in general dimensionless 
functions of the electron and muon mass, the photon virtuality, and the masses and cou- 
plings of all virtual particles. We shall confine ourselves to the lowest non-vanishing order 
in perturbation theory, corresponding to the one-loop self-energies and vertex corrections 
depicted in Fig.^ The formfactors are explicitly calculated, first, in the simplest conceiv- 
able extension of the SM allowing for LFV, with three Dirac neutrinos and a CKM-type, 
three by three unitary MNS matrix V , then in a see-saw scenario with one light and one 
or more heavy Majorana neutrinos per generation. 

2.1 The Case of Three Light Dirac Neutrinos 

In this model, at lowest non-vanishing order, the can be factorised in the following 
way: 

= II e^^K.eK*^ j —^fi{ml^,m^, ml, ml; k), (2.6) 



where e and g = e/{\/2sw) denote the electromagnetic and weak coupling constants. For 
phenomenological neutrino mass values the functions fi contain four very different mass 
squared scales spanning over twenty orders of magnitude and their exact analytical form 
is, therefore, not suitable for numerical evaluation. 

In a first approximation, we expand the functions fi in ej = mljmy^ around = and 
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set the smallest neutrino mass mj,^ to zero. Using the unitarity of the MNS mixing matrix, 



we obtain 



Fi 



eg' 



+ ..., 



(2.7) 



where the ellipsis stands for higher orders in e^, which for all practical purposes can safely 
be neglected. 

Because the outer four-momenta are small in comparison to the ly-boson mass, we 
rewrite the propagator denominators containing the loop momentum fc, any linear com- 
bination of external momenta fcext, and the IV-boson mass [E]: 
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(2.8) 
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{k + fccxt)^ - k"^ - m'^ V* 

By iterative application of this identity to the full propagator on the right hand side 
of Eq. (|2.8p and truncation of the resulting series, we reduce all integrals of Eq. (j2.7|) to 
vacuum integrals. The vacuum integrals can easily be solved, resulting in logarithms of the 
ly-boson mass over the renormalization scale and different powers of k'^^^/m'yy, depending 
on how many times the decomposition of Eq. ()2.8p was applied to the full propagators of 
the loop integrals. Due to the ultraviolet finiteness of the total amplitude, all logarithmic 
terms cancel and the final result is a scalar rational function of the external four-momenta 
and rriw Care must be exercised in the expansion of the loop integral propagators to 
obtain a consistent result up to the desired order in k'^^^/m'^, taking into account the 
integrals' coefficients. 

At the lowest non-trivial order, after at most twofold iteration of Eq. ()2.8|) and subse- 
quent truncation of non-vacuum contributions, the results of this expansion read 
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(2.10) 
(2.11) 
(2.12) 

It is a necessary condition that Fi and F2 vanish for — 0, as the product with the 
corresponding matrix elements with in the denominator would, otherwise, not be well- 
defined. We observe, that for vanishing electron mass (and with the aforementioned 
approximations), the total transition amplitude attains a particularly simple form: 
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with Ait and M.'t defined as 
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and L = (1 — 7^)/2, the left-handed chirahty projection operator. 



2.2 The Formfactors in a Typical See-Saw Scenario 

After considering the minimal version of LFV with three light Dirac neutrinos in exact 
analogy to flavour mixing in the quark sector, we turn to a simple see-saw scenario [ 6^ with 
Majorana neutrinos. We introduce right-handed gauge singlet neutrino states, endowed 
with a Majorana mass term m^j. and a regular Dirac mass term mu. connecting left- 
and right-handed neutrino fields of the z-th generation. For simplicity, we assume one 
right-handed neutrino per matter field generation and use Ui and iVj to denote the light 
and heavy neutrino states, respectively. The masses of the neutrino fields Ui and Ni are 
the eigenvalues of the see-saw neutrino mass matrix: 

m,y^ = - + ... and m^v^ = m^^ + . . . , (2.15) 

where the ellipsis denotes terms of higher order in mr)Jmji. which are practically neg- 
ligible. In order to connect to the previous case, we allow the see-saw mechanism only 
to mix neutrino states within one generation, i.e. we require that the six by six neutrino 
mass matrix has a threefold block diagonal structure. The couplings of the light and 
heavy Majorana neutrinos, z/j and Ni, to the l^-boson and the charged lepton Ij to lowest 
non-trivial order in m^JniN. are then given as: 



A„t = ^^Kj, h/ 1 - ^ '^^YLl, + Na'Ll, W,. (2.16) 

In this ansatz, described in more detail in Ref. [[7j, LFV is entirely incorporated in the 
matrix V and factorises from the see- saw-induced, intra-generational mixing between the 
heavy and light neutrinos of one generation. 

For light neutrinos, we have already derived the contribution to the transition ampli- 
tude (/i|j^m(0)k) the previous section. In a see-saw scenario, this result still holds for 
the light degrees of freedom, except that the couplings have to be slightly modified to 
account for the additional factor (1 — mi^./niN.). 

Of course, an expansion of the formfactors Fi in the ratio e = m\/m^ as in section ITT) 
makes no sense here, because we will in general have e > 1. 

As in the previous section, we iteratively apply Eq. ()2.8|) to rewrite the loop integrals 
and expand the form factors in powers of squares of external momenta over powers of 
linear combinations of the VT-boson and heavy neutrino mass squared. At lowest non- 
trivial order in this expansion, the contribution from heavy Majorana neutrinos to the 
formfactors introduced in section |21 can be written as 

-A e^f^K^eVj,* rriy / 2 2 ^ 2 /0 1'7^ 

^1 = l^ aA 2( 2 -gi-mN^m^n . 2.17 

F2 = T. (,A 2( 2 '-^^girnl rnl^)q\ 2.18 

- ei 256vr2(m^, -m2^)3;;^^(^^.'^^);4;^^^ + ^'^) ' ^^.19) 
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^ 2567r2(mi -m^)3m^ ^ 



where the function (7 is given by 



^(mi, , m^) = 3mi - 4mi.m^ + m'^ - 2mi log (2.21) 

Neglecting the electron mass, the transition amplitude, again, attains a particularly simple 
form. In this case, using the definitions of Eqs. ()2.14|) and ()2.2H) . we can express the heavy 
Majorana neutrino contribution to the transition amplitude as 

(H.M|e>^|: jg':^^^3 ^.K..„^) [fM^^^lml'^M,) . (2.22) 

The assumption we have made about the structure of the leptonic mixing matrix, 
namely that flavour mixing factorises from see-saw induced, intragenerational mixing can 
easily be relaxed at this point. To achieve this, one needs to replace the product of the 
mixing matrix elements and the neutrino mass ratio with two generalised mixing matrix 
elements 

K,eK%^ - ^iV,e^^,. (2.23) 



The structure and algebraic properties of such generalised mixing matrices are discussed 
in great detail in Refs. [|H]. 

3 The Cross Section e + N— ^/x + Nat Low Energy 

In this section we consider the elastic electron to muon conversion cross section in the 
coulomb fleld of a heavy nucleus with vanishing energy transfer. The S'-matrix element 
for this process is then given by 

% = 27r5(E^ - Ee)^FN(g)(/i|jl(0)|e), (3.1) 

where Z denotes the atomic number of the nucleus and F^i^q) is the Fourier transform of 
the normalised nuclear charge distribution 

F^{q) = J dfe^^V(x) with J dxp{x) = 1. (3.2) 

Under the assumption of a radially symmetric charge distribution, the differential cross 
section formula for electron to muon conversion in the coulombic field of a heavy nucleus 
with vanishing energy transfer reads 

dor _ (Zey 1 , ^ . 2m2|/,,|,0 /nM.\|2 



dn (47r)2 q 



MQ')\'mLme)\'. (3.3) 
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To evaluate the cross section, we need to calculate the square of the matrix element 
(/i|jgj^(0)|e) averaged and summed over electron and muon spin, respectively. For vanish- 
ing energy transfer to the nucleus a straightforward calculation yields: 

lEM^Miy = \{q^-ml) + 2El (3.4) 

spins 

\Y.M^_{M^_y = l^^'-O-'^Ell,^ (3-5) 

spins M 

\Y.Ml{M'_y = \{q'~ml). (3.6) 

spins 

3.1 The Cross Section for Three Light Dirac Neutrinos 

Inserting the results Eqs. ()3.4H3.6p and Eqs. (12.9^12.12]) into the squared transition 
amplitude, we obtain 
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^' V 2 2 



^(g^-m^)+2i5;,^ -^^^(g^-m^) 



+ i4fi(g^--D-2i?e<H- (3.7) 



For an approximately pointlike nuclear charge distribution, i.e. Fn = 1, the singly differ- 
ential cross section with respect to the cosine of the scattering angle reads: 

da {Zef\ ( eg'V , x2 



dcos^ Svr g4 \ 327r2 



-ml + 9m^g2 + lQq\AEl + q^) - Amlq\El + Qq^) 
^ ^ ■ ^'-'^ 

In the limit of vanishing energy transfer to the nucleus and zero electron mass, we obtain 
the following expression for the squared photon four-momentum 

q^ = ml- 2El (l - cos e^l-ml/El) , (3.9) 

which allows us to express the cross section formula of Eq. ()3.8|) in terms of the electron 
energy and the scattering angle. 

Clearly, q^ never vanishes and the phase space integration can be performed analyti- 
cally. Defining x = m'j^/E'^, one obtains for the total scattering cross section: 

(Zey f eg'V.^ , ^2 E^ 



w 



( , , 2;(9a;-4), %{\ - x) \ - ^{2 - x)^J\^\ 
X 4(32-9x) + ^=llogJ ^ ^ . (3.10) 
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3.2 The Cross Section Contribution from Heavy Majorana Neutrinos 

With the help of Eqs. ()H.4HH.(j|l . the square of the transition matrix element given in 
Eq. ()2.22|) of section can be written as 



MjUO)\e)\' 



eg 



2 \ 2 
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where we have made use of the abbreviation 

Gj 



m 



=1 "^W 



(3.11) 



(3.12) 



For a pointlike nuclear charge distribution we can easily insert the result of Eq. ()3.1ip 
for the squared transition matrix element into the cross section formula Eq. (j3.3j) and 
integrate over solid angle: 
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Svr 1 327r2 / M ' ' 2 16 



G 
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(/ .^ or. r^^A, 8(1 -x) + -4(2-x)^r^^ 
X (x - 4) G - Sx Re GG* log ^ — ^ ^ 



(3.13) 



where we have, again, substituted x = m^/ E"^ and introduced the notation G = J2i=i Gi 
and G = Eii Gi 



4 Numerical Results and Conclusions 



We proceed with the numerical evaluation of the cross section formulae derived above. 
Considering a two-neutrino oscillation scenario with mixing angle 612 and masses m^^ ^ 
and Ami ~ ^^^2 ' write 

Am^ 1 

^-eKV2 = -2^^sin2^i2. (4.1) 

Using this result to evaluate Eq. ()3.1()j) for Eg = 2m^, which reduces background from 
muon pair production, and Z = 74 for a tungsten target, we obtain: 

(T^6-10-^° (^V^J 4 sin' 2^12 pb. (4.2) 
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Despite maximal mixing, a LFV signal is strongly suppressed because, firstly, the ex- 
pansion of the flavour off-diagonal amplitude in = m^^ /m^ starts at first order in e^, 
and, secondly, the first non-vanishing contribution in this expansion, when reduced to 
vacuum integrals, is of the order of kl^^^/myY- These effects combined result in a factor 
k'^-^^{^m'lY / in the squared amplitude. 

In case of the see-saw scenario outlined in section Eq. (j4.2j) still holds for the light 

degrees of freedom as the extra factor ^1 — ml/mj^ of Eq. ()2.16|) can be neglected for all 
practical purposes. 

Considering the contribution from heavy Majorana neutrinos outlined in section 12. 2^ 
the structure of the formfactors F, suggests, that a sizeable effect, if at all, can be expected 
if the heavy neutral lepton states have masses only little above the present 95% confidence 
limit [fi^ of 80.5GeV. 

To compare the contributions from the heavy Majorana neutrinos with the previous 
case of light Dirac neutrinos, we confine ourselves to two mixing generations and choose 
a universal heavy Majorana neutrino mass of m^v = 2mw- This entails the following 
simplification: 

n 1 • 9fl 33 -32 log 4 Am. 

G, + G, = - sm 2eu 3^^,^ (4.3) 
which, for Ee and Z as above, leads to 

a ^ 3 ■ 10-'' (^) ' ^ sin^ 29u pb, (4.4) 

which amounts to an ehancement by more than twenty orders of magnitude compared to 
the minimal Dirac case. 

The practical relevance of the numbers given in Eqs. ()4.2|) and ()4.4|) can be evaluated 
by giving a rough order of magnitude estimate of the target luminosity of a 1 mA electron 
beam on a tungsten target. Assuming as an approximation that all electrons interact 
within a depth of one radiation length Xq in the target, the luminosity £ can be calculated 
as 

/:^^i^^0.1fb-Vs, (4.5) 

Aw e 

where Aw = 183.84 u and Xq = 6.76 g/cm^ are the nuclear mass number in atomic mass 
units and the electromagnetic radiation length of tungsten and e denotes the electron 
charge magnitude. 

This order of magnitude estimate shows that even in an optimistic see-saw scenario 
with low-lying heavy neutrino states, where the cross section is enhanced by as much 
as twenty orders of magnitude compared to the minimal Dirac case, a LFV signal is far 
out of reach. We must conclude that an electron-nucleus scattering experiment at low 
electron energies will not be able to find electron to muon conversion if LFV arises from 
conventional SM lepton mixing as outlined above. 
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